Supereulerian 2-edge-coloured graphs by Bang-Jensen, Jørgen et al.
Supereulerian 2-edge-coloured graphs∗
J. Bang-Jensen† Thomas Bellitto‡ A. Yeo§
April 7, 2020
Abstract
A 2-edge-coloured graph G is supereulerian if G contains a spanning
closed trail in which the edges alternate in colours. An eulerian factor of
a 2-edge-coloured graph is a collection of vertex disjoint induced subgraphs
which cover all the vertices of G such that each of these subgraphs is
supereulerian. We give a polynomial algorithm to test if a 2-edge-coloured
graph has an eulerian factor and to produce one when it exists. A 2-
edge-coloured graph is (trail-)colour-connected if it contains a pair of
alternating (u, v)-paths ((u, v)-trails) whose union is an alternating closed
walk for every pair of distinct vertices u, v. A 2-edge-coloured graph is
M-closed if xz is an edge of G whenever some vertex u is joined to both
x and z by edges of the same colour. M-closed 2-edge-coloured graphs,
introduced in [11], form a rich generalization of 2-edge-coloured complete
graphs. We show that if G is an extension of an M-closed 2-edge-coloured
complete graph, then G is supereulerian if and only if G is trail-colour-
connected and has an eulerian factor. We also show that for general
2-edge-coloured graphs it is NP-complete to decide whether the graph is
supereulerian. Finally we pose a number of open problems.
Keywords: 2-edge-coloured graph; alternating hamiltonian cycle; su-
pereulerian; alternating cycle; eulerian factor; extension of a 2-edge-coloured
graph.
1 Introduction
In this paper the graphs we deal with may contain parallel edges. For readability
we will use the word graphs instead of the more correct name multigraphs.
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All our results are valid for multigraphs. Edge-coloured graphs form a very
interesting generalization of (directed) graphs, a fact that has been used many
times in the literature (see e.g. [3, 4, 15] and [5, Chapter 16]). As an example
consider the conversion of a given digraph D = (V,A) to a 2-edge-coloured
bipartite graph G(D): The vertex set of G(D) is V ∪ {wuv|uv ∈ A} and the
set of edges of G(D) consist of and edge uwuv of colour 1 and an edge wuvv of
colour 2 for every arc uv ∈ A. It is easy to see that every directed path, cycle,
trail and walk, respectively in D corresponds to a path, cycle, trail and walk,
respectively in G(D) where the colours alternate between 1 and 2. The converse
also holds when the path, trail or walk must start and end in a vertex of V .
In Section 2.2 we describe another correspondence (the BB-correspondence)
between bipartite digraphs and bipartite 2-edge-coloured graphs which immedi-
ately implies that it is NP-complete to decide whether a 2-edge-coloured graph
has a hamiltonian cycle whose edges alternate in colours (we call such a cycle
alternating), see Theorem 4. Thus it makes sense to identify classes of 2-edge-
coloured graphs for which one can solve problems such as alternating hamil-
tonian cycle, longest alternating cycle etc. in polynomial time. This has been
the topic of many papers in the past, see e.g [4, 7, 8, 9, 10, 11, 12, 17, 18, 19, 22].
The main topic of this paper is supereulerian 2-edge-coloured graphs, that
is, 2-edge-coloured graphs that have a spanning alternating closed trail. Note
that we also want the first and last edge of an alternating closed trail to have
different colours. In order to obtain our results we also derive new results on
2-edge-coloured graphs with an alternating hamiltonian cycle. Bankfalvi and
Bankfalvi [7] obtained a characterization of 2-edge-coloured complete graphs
with an alternating hamiltonian cycle (for an equivalent formulation of their
result see Theorem 7), thus answering a question of Erdo¨s. Das and Rao [12]
generalized this result to spanning closed trails with prescribed degrees at every
vertex, that is, we are given an even positive number f(v) for each vertex of the
graph and seek a spanning closed trail T such that every vertex v has degree
exactly f(v) in T . Bang-Jensen and Gutin [4] gave a polynomial algorithm for
the more general problem of finding a longest alternating trail Tf≥ in a 2-edge-
coloured complete graph that visits each vertex v at most f(v) > 0 times. When
f(v) = 2 this solves the longest alternating cycle problem, previously solved by
Saad [22], and the problem solved by Das and Rao has a solution if and only
if the length of Tf≥ is exactly 12
∑
v∈V f(v). None of the results above answer
the question of when a 2-edge-coloured complete graph is supereulerian. The
key tool in [4] is to study longest alternating cycles in extensions of 2-edge-
coloured complete graphs (defined below). In order to be able to use a similar
approach we first show how the characterization of hamiltonian M-closed 2-edge-
coloured graphs in [11] can be extended to a characterization of those extensions
of M-closed 2-edge-coloured graphs which have an alternating hamiltonian cycle
(Theorem 19). We then show how this characterization can be used to derive a
characterization of supereulerian extensions of M-closed 2-edge-coloured graphs
(Theorem 28).
We also show that, as it is the case for graphs [21] and digraphs [2] for
general 2-edge-coloured graphs it is NP-complete to decide whether the input
is supereulerian. Finally we consider another generalization of 2-edge-coloured
complete graphs, namely 2-edge-coloured complete multipartite graphs.
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2 Notation and Preliminaries
Notation not defined here will be consistent with [5].
In this paper, whenever we talk about a 2-edge-coloured graph, we will
assume that its edges are coloured by colours 1 and 2. In figures we will use red
and blue edges instead of numbers 1 and 2. Let G = (V,E) be a graph and let
φ : E → {1, 2} be a 2-edge-colouring of E. A path, cycle,trail or walk X in G
is alternating if the edges of X alternate between colours 1,2.
2.1 Colour-connectivity
The graph G is colour-connected if there exist two alternating (u, v)-paths
P1, P2 whose union is an alternating walk for every choice of distinct vertices
u, v.
Lemma 1. [4] One can decide in polynomial time whether a given 2-edge-
coloured graph is colour-connected.
Lemma 2. Let G be a 2-edge-coloured graph. Then G is colour-connected if and
only if G has an alternating (u, v)-path starting with colour c for each colour
c ∈ {1, 2} and every ordered pair of vertices u, v.
Proof. By the definition of colour-connectivity, if G is colour-connected, then
it has the desired paths. Assume now that G has an alternating (u, v)-path
starting with colour c for each colour c ∈ {1, 2} and every ordered pair of vertices
u, v. Let u and v be vertices of the graph. Then, there exists two alternating
paths P1 and P2 from u to v starting with colours 1 and 2 respectively. If they
both end on different colours, then the union of P1 and P2 form the alternating
closed walk required in the definition of colour-connectivity. Otherwise, let us
assume by symmetry that P1, P2 both end with colour 1. We also know that
there exists an alternating path P3 from v to u starting with colour 2. If P3 ends
with colour 1, then P3 and P2 meet the requirement for colour-connectivity. If
P3 ends with colour 2, the requirement is met by P3 and P1.
Let G be a 2-edge-coloured graph on n > 1 vertices {v1, v2, . . . , vn}. By an
extension of G we mean any graph H = G[Ip1 , . . . , Ipn ] that is obtained from
G by replacing each vertex vi by an independent set {vi,1, . . . , vi,pi} of pi ≥ 1
vertices, i ∈ [n] and connecting different such sets as follows: If vivj is an edge
in G of colour c then H contains an edge of colour c between vi,q and vj,r for
every choice of q ∈ [pi], r ∈ [pj ]. The following proposition turns out to be
useful.
Proposition 3. For a 2-edge-coloured graph G the following are equivalent.
(i) G is colour-connected.
(ii) Every extension H of G is colour-connected.
Proof. Clearly if every extension of G is colour-connected then G is also colour-
connected, as G is an extension of itself. We therefore just need to prove that (i)
implies (ii). Let G be a colour-connected 2-edge-coloured graph with V (G) =
{v1, v2, . . . , vn}. Let H = G[Ip1 , . . . , Ipn ] be an extension of G and let u, v ∈
V (H) be arbitrary and assume that u ∈ Ia and v ∈ Ib. If a 6= b, then any
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path from va to vb in G gives rise to a path from u to v in H, so, as G is
color-connected, there exists alternating paths P1 and P2 from u to v in H such
P1 starts with colour 1 and P2 starts with colour 2.
So now consider the case when a = b. Let vavs be an edge in G of color 1.
Let Q1 be an alternating path from vs to va starting with color 2 (which exists
as G is color-connected). The path Q1 corresponds to a path from Ia to v and
adding u to the front of this path we obtain a path P1 from u to v starting with
colour 1. Analogously, we can also find a path P2 from u to v starting with
colour 2.
By Lemma 2 we have proven that H is colour-connected.
A graph G is complete multipartite if its vertices can be covered by a
collection of disjoint independent sets X1, . . . , Xk, for some k ≥ 2, such that
each pair Xi, Xj with i 6= j form a complete bipartite graph.
2.2 Alternating cycles in 2-edge-coloured graphs
In this section we recall some results on alternating hamiltonian cycles.
An alternating cycle factor in a 2-edge-coloured graph G is a collection
of disjoint alternating cycles that cover V (G)
We start by recalling a very useful correspondence between bipartite 2-edge-
coloured graphs and directed bipartite graphs. This has been used several times
in the literature, see e.g. [1, 15] and [5, Chapter 16]. Let G = (X,Y,E) be a
bipartite graph for which each edge is coloured red or blue. Let D = D(G) =
(X,Y,A) be the bipartite digraph that we obtain from G by orienting every red
edge xy, x ∈ X, y ∈ Y , as the arc x→ y and every blue edge x′y′,x′ ∈ X, y′ ∈ Y ,
as the arc y′ → x′. Now every alternating path, cycle, trail or walk in G
corresponds to a directed path, cycle, trail or walk in D. It is clear that we can
also go the other way by replacing each arc from X to Y by a red edge and
each other arc by a blue edge. This is called the BB-correspondence in [5,
Chapter 16].
The following is an immediate consequence of the BB-correspondence and
well-known fact that the hamiltonian cycle problem is NP-complete for strongly
connected bipartite digraphs.
Theorem 4. It is NP-complete to decide whether a colour-connected 2-edge-
coloured bipartite graph has an alternating hamiltonian cycle.
Using the BB-correspondence we can now characterize 2-edge-coloured com-
plete bipartite graphs with a hamiltonian cycle. This is not new (see e.g. [5,
Theorem 16.7.4]) and we only include it to illustrate the usefulness of the BB-
correspondence. A bipartite tournament is a bipartite digraph with partition
classes X and Y such that there is precisely on arc between each vertex of X
and each vertex of Y . By the BB-correspondence, each 2-edge-coloured com-
plete bipartite graph G corresponds to a bipartite tournament B(G) and it is
easy to see that G is colour-connected if and only if B(G) is strongly connected.
It was shown in [14, 15] that a bipartite tournament has a directed hamiltonian
cycle if and only if it is strong and contains a factor, By the BB-correspondence
this directly translates into the following characterization of 2-edge-coloured
complete bipartite graphs with an alternating hamiltonian cycle.
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Theorem 5. A 2-edge-coloured complete bipartite graph has an alternating
hamiltonian cycle if and only if it is colour-connected and has an alternating
cycle factor.
Saad [22] proved the following characterization of the length of a longest
alternating cycle in a colour-connected 2-edge-coloured complete graph.
Theorem 6. [22] Let G be a colour-connected 2-edge-coloured complete graph.
The length of a longest alternating cycle in G is equal to the maximum number
of vertices that can be covered by disjoint alternating cycles in G.
Theorem 6 immediately implies the following result due to Bankfalvi and
Bankfalvi who formulated it in a different, but equivalent way.
Theorem 7. [7] Let H be a 2-edge-coloured complete graph. Then H has an
alternating hamiltonian cycle if and only if H is colour-connected and has an
alternating cycle factor.
Bang-Jensen and Gutin generalized this to extensions of 2-edge-coloured
complete graph G.
Theorem 8. [4] Let H be an extended 2-edge-coloured complete graph G. Then
H has an alternating hamiltonian cycle if and only if H is colour-connected and
has an alternating cycle factor.
3 Trail-colour-connectivity
We call a 2-edge-coloured graph G = (V,E) trail-colour-connected if G con-
tains two alternating (u, v)-trails T1, T2 whose union is an alternating walk for
every pair distinct vertices u, v. The following analogous of Lemma 2 is easy to
derive using almost the same proof as that of Lemma 2.
Lemma 9. Let G be a 2-edge-coloured graph. Then G is trail-colour-connected
if and only if G has an alternating (u, v)-trail starting with colour c for each
colour c ∈ {1, 2} and every ordered pair of vertices u, v.
It is not difficult to prove the following extension of Proposition 3.
Proposition 10. For a 2-edge-coloured graph G the following are equvalent.
(i) G is trail-colour-connected.
(ii) Every extension H of G is trail-colour-connected.
The graph in Figure 1 shows that we cannot replace ’every’ by ’some’ in
Proposition 10(ii).
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u v
y1
y2
G
x1
x2
u1
u2
v1
v2
y1
y2
H
Figure 1: G is not trail-colour-connected as there is no trail from x1 to x2
starting with the color red. H is an extension of G and H is trail-colour-
connected (and colour-connected) as it contains an alternating hamilton cycle
y1v1u1x1x2u2v2y2y1.
Lemma 11. A 2-edge-coloured complete multipartite graph is colour-connected
if and only if it is trail-colour-connected.
Proof. Let G = (V,E) be a complete multipartite graph, let φ : E → {1, 2} be a
2-colouring of its edges and let u, v be arbitrary distinct vertices. Assume first
that G is colour-connected. Then G has a (u, v)-path Pi starting on colour i for
i ∈ [2]. Hence we can take P1, P2 as the desired trails.
Suppose now that G has alternating (u, v)-trails T1, T2 such that Ti starts
with an edge of colour i for i ∈ [2]. We want to show that G also has alternat-
ing (u, v)-paths P1, P2 such that Pi starts with an edge of colour i for i ∈ [2].
Consider the trail Tc. If it is a path, then we can take Pc = Tc so assume that
Tc is not a path. Below we show that, starting from the trail T
′ = Tc, if the
current (u, v)-trail T ′ starting with colour c is not a path, then we can obtain
a shorter (u, v)-trail that also starts on colour c and hence by setting T ′ to be
this trail and iterating the procedure, we will obtain the desired path Pc.
If no vertex appears twice in T ′, then, we can take Pc = T ′. Otherwise, let
w be the first vertex that is met at least twice as we traverse T ′ and consider
two possibilities.
• If there is an even number of edges between the two first occurrences of w,
then we can remove the subtrail between these two occurrences and still
have a properly-coloured (u, v)-trail T ∗ which is shorter than T ′.
• If there is an odd number of edges between the two first occurrences of
w, then let x be the first vertex that appears on T ′ just after the first
occurrence of w. Hence, we have two (w, x)-paths (one is just the edge
wx) that start with the same colour and end with different colours. Both
of them can be used after the path T ′[u,w] that T ′ defines between u and
w and one of them is compatible with the edge between x and v in G if
such an edge exists so if x and v are adjacent we have found the desired
path Pc. Hence we may asumme that x and v are not adjacent, then w
and v are adjacent (as G is complete multipartite). If φ(wx) = φ(wv) we
can take P = T ′[u,w]wv, so assume that φ(wx) 6= φ(wv). In that case,
either T ′[u,w]wv is not alternating as the last two edges have the same
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colour, or u = w and φ(uv) 6= c. Consider instead the predecessor x− of x
on T ′. As x and v are non-adjacent, there is an edge between x− and v.
If φ(x−v) = φ(wx), then T ′[u,w]wxx−v is an alternating (u, v)-path and
otherwise T ′[u, x−]x−v is an alternating (u, v)-path.
As the two cases above cover all possibilities, we see that, by iterating the
process above, we will eventually end up with an alternating (u, v)-path which
starts with colour c. Since c was arbitrary, we have shown that the (u, v)-paths
P1, P2 exist for every choice of distinct vertices u, v. Hence, by Lemma 2, G is
colour-connected.
The procedure is illustrated in Figure 2. For readability, only the edges
of the spanning eulerian subgraph are represented in the figure, but keep in
mind that the graph is complete multipartite graph. Let us look for a path
from v1 to v9 starting with a red edge. The eulerian subgraph defines a walk
v1v2v3v4v5v6v3v7v2v8v9 starting with a red edge but one cannot extract a path
from it. The first vertex that appears twice in the walk in v3. Since the walk
uses an even number of edges between the two first occurrences of v3, we can
contract those edges and find the properly-coloured walk v1v2v3v7v2v8v9. The
first vertex that appears twice is w = v2 and the walk uses an odd number of
edges between the first two occurrences. Hence, the walk defines two paths v2v3
and v2v7v3 between v2 and v3. If there is a red edge between v3 and v9, our
path from v1 to v9 starting with a red edge is v1v2v3v9. If there is a blue edge
v3 between and v9, the path is v1v2v7v3v9. Finally, if there is no edge between
v3 and v9, then there must be a blue edge between v2 and v9 since there is one
between v2 and v3. Hence, the path would be v1v2v9.
v12 v11 v10
v1 v2 v8 v9
v7 v3 v4
v6 v5
Figure 2: A spanning eulerian subgraph in a 2-edge-coloured graph.
The following lemma can be found [4] (as Proposition 5.1) and also in [5] (as
Proposition 16.6.2).
Lemma 12. [4, 5] Let G = (V,E) be a connected 2-edge-coloured multigraph
and let x and y be distinct vertices of G. For each choice of i, j ∈ {1, 2} we can
find an alternating path P = x1x2 . . . xk with x1 = x, xk = y, φ(x1x2) = i and
φ(xk−1xk) = j in time O(|E|) (if one exists).
Theorem 13. Let G be a 2-edge coloured graph and let x, y ∈ V (G) be arbitrary.
We can decide if there is a trail from x to y starting with colour c1 and ending
with colour c2 in polynomial time.
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Proof. Let G be a 2-edge coloured graph and let x, y ∈ V (G) be arbitrary. Build
a new 2-edge coloured graph H as follows (see Figure 3 for an example). Let
V (H) be defined as follows.
V (H) = {u1, u2 | u ∈ V (G)} ∪ {uuv, vuv | uv ∈ E(G)}
For every edge uv ∈ E(G), add the following edges u1uuv, u2uuv, v1vuv, v2vuv
to H with colour φ(uv) and add the edge uuvvuv to H with colour 3 − φ(uv)
(see the picture below for an example of H).
We will now show that there is a (x, y)-alternating-trail in G starting with
colour c1 and ending with colour c2 if and only if there is a (x1, y1)-alternating-
path in H starting with colour c1 and ending with colour c2. This would com-
plete the proof by Lemma 12
Let P be an (x1, y1)-alternating-path in H starting with colour c1 and ending
with colour c2. By substituting every subpath ujuuvvuvvi of P in H by the edge
uv in G we obtain a walk, W , in G. This walk is alternating and no edge is
used more than once (as edges of the type uuvvuv are only used once in P ).
Therefore we note that W is a (x, y)-alternating-trail in G starting with colour
c1 and ending with colour c2.
Conversely let T = t1t2 . . . tk be a (x, y)-alternating-trail in G starting with
colour c1 and ending with colour c2. Assume furthermore that T contains as
few edges as possible. If there are two edge ti−1ti and tj−1tj , where i < j, of
the same colour in W such that ti = tj then we obtain a contradiction to the
minimality of T as we could have considered the trail t1t2 . . . ti−1tjtj+1 . . . tk.
This implies that no vertex appears more than twice in T . First substitute the
i’th appearance of u in T by ui (i ∈ {1, 2}) and then replace every edge uivj
on T by the path uiuuvvuvvj (i, j ∈ {1, 2}). This gives us a (x1, yj)-alternating-
path in H (for some j ∈ {1, 2}) starting with colour c1 and ending with colour
c2. If j = 2 then swap y1 and y2 in the path.
This implies that there is a (x, y)-alternating-trail in G starting with colour
c1 and ending with colour c2 if and only if there is a (x1, y1)-alternating-path
in H starting with colour c1 and ending with colour c2, as desired.
x1
x2
u
y1
y2
G H
x1,1
x1,2
x2,1
x2,2
u1
u2
y1,1
y1,2
y2,1
y2,2
Figure 3: An example of the transformation of G into H used in the
proof of Theorem 13. Note that any alternating (a, b)-path in H (a, b ∈
{x1,1, x1,2, x2,1, x2,2, u1, u2, y1,1, y1,2, y2,1, y2,2}) corresponds to an alternating
(a, b)-trail in G and vica versa.
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Corollary 14. We can decide if a 2-edge coloured graph is trail-colour-connected
in polynomial time.
4 Eulerian factors and supereulerian graphs
Recall that a connected undirected graph is eulerian if it has a spanning closed
trail which uses every edge. By Euler’s theorem [13], G is eulerian if and only if
it is connected and the degree of every vertex is even. This can be generalized
to 2-edge-coloured graphs as follows. A 2-edge coloured graph F is eulerian if
it contains a closed alternating trail which covers all the edges of G. Following
the standard proof of Euler’s theorem is easy to see that a connected 2-edge
coloured graph G is eulerian if and only if each vertex v has even degree and
half of the edges incident to v have colour i for i ∈ [2]. For a more general result
on properly coloured eulertours in k-edge-coloured graphs, see [16]. Following
the same definitions for graphs and digraphs, we say that a 2-edge-coloured
graph G is supereulerian if it contains a spanning subgraph which is eulerian.
This is equivalent to saying that G contains a spanning closed alternating trail.
An eulerian factor of a 2-edge-coloured graph G is a collection of vertex-
disjoint induced subgraphs G1 = (V1, E1), . . . , Gk = (Vk, Ek) of G, such that
V = V1 ∪ . . . ∪ Vk and each Gi is supereulerian.
Lemma 15. There exists a polynomial algorithm for finding an eulerian factor
of a 2-edge-coloured graph G or producing a certificate that G has no such factor.
Proof. Let G be a 2-edge-coloured graph. We will construct a new graph, H,
such that H has a perfect matching if and only if G has a eulerian factor. For
each vertex x ∈ V (G) do the following. Let x be incident with b(x) blue edges
and r(x) red edges. Let R(x), R′(x), B(x), B′(x) be vertex-sets in H of the
following sizes |R(x)| = r(x) = |R′(x)| + 1 and |B(x)| = b(x) = |B′(x)| + 1.
Now add all edges between R(x) and R′(x) and between R′(x) and B′(x) and
between B′(x) and B(x). Finally add an edge from B(x) to B(y) if there is a
blue edge xy in G and add an edge between R(x) and R(y) if there is a red
edge in G. And do this such that each vertex in R(x) and B(x) is incident with
exactly one such edge (which can be done by the construction of R(x), B(x)).
Now it is easy to check that H has a perfect matching if and only if G has a
eulerian factor. The factor goes through x k times if the matching uses k − 1
edges between B′(x) and R′(x). See Figure 4 and 5 for an illustration of the
reduction.
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v1 v2
v3
v4
v5
v6
Figure 4: A 2-edge-coloured graph G with a spanning closed alternating trail in
G (indicated as directed edges).
Figure 5: The graph H = H(G) constructed as in the proof of Lemma 15. The
perfect matching corresponding to the spanning eulerian subgraph indicated in
Figure 4 is shown with full lines. The colours are just for easy reference to the
other figure.
The following result on supereulerian digraphs is Theorem 2.8 in [6]. A
digraph is semicomplete multipartite if the underlying undirected graph is
a complete multipartite graph.
Theorem 16. [6] A semicomplete multipartite digraph is supereulerian if and
only if is is strongly connected and has an eulerian factor.
Since a bipartite tournament is a semicomplete multipartite digraph, the
BB-correspondence implies the following characterization of supereulerian 2-
edge-coloured complete bipartite graphs.
Corollary 17. A 2-edge-coloured complete bipartite graph G is supereulerian if
and only if G is colour-connected and has an eulerian factor.
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As both the problem of deciding if a 2-edge-coloured graph is colour-connected
and the problem of deciding if it contains an eulerian factor are polynomial time
solvable, we note that Corollary 17 implies that we in polynomial time can de-
cide if a 2-edge-coloured complete bipartite graph is supereulerian.
5 Alternating Hamiltonian cycles in extensions
of M-closed 2-edge-coloured graphs
In [11] the authors consider a generalization of 2-edge-coloured complete multi-
graphs, namely those 2-edge-coloured graphs for which the end-vertices of every
monochromatic path of length 2 are adjacent, that is, if xyz is a path and
φ(xy) = φ(yz), then xz is an edge of the graph. The authors call such graphs
M-closed. The following is the main result of [11].
Theorem 18. [11] Let G be a 2-edge-coloured graph which is M-closed. Then
G has an alternating hamiltonian cycle if and only if it is colour-connected and
has an alternating cycle factor.
The example in Figure 6, which can easily be extended to an infinite family,
shows that the definition of being M-closed cannot be relaxed to a requirement
only for monochromatic paths of length 2 of one of the two colours.
a
b
c
d
e
f
g
h
Figure 6: A 2-edge-coloured graph G in which the end vertices x, z are adjacent
for every path xyz with φ(xy) = φ(yz) = 1 (1=blue). G is colour-connected
and has a cycle factor but it has no alternating hamiltonian cycle. It also has
no spanning closed alternating trail.
v4 v5
v1
v2 v3
Figure 7: A non colour-connected graph with a spanning closed alternating trail.
The 2-edge-coloured graph in Figure 7 is M-closed and is eulerian but not
colour-connected. Hence for M-closed 2-edge-coloured graphs, having a span-
ning closed alternating trail does not imply colour-connectivity. Note that the
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graph is trail-colour-connected, as is every 2-edge-coloured graph with a span-
ning closed altenating trail.
We will now argue that by carefully checking the proof of Theorem 18 in
[11] one can verify that the following generalization holds.
Theorem 19. Let G be an extension of an M-closed 2-edge-coloured graph.
Then G has an alternating hamiltonian cycle if and only if G is colour-connected
and has an alternating cycle factor.
The proof of Theorem 18 is based on the following Lemmas. For each we
will argue why they can be extended to extensions of M-closed 2-edge-coloured
graphs. Before we list the lemmas, we recall the following easy fact about pairs
of alternating cycles in extended 2-edge-coloured graphs.
Proposition 20. Let C1 = x1x2 . . . x2k−1x2kx1 and C2 = y1y2 . . . , y2r−1y2r be
disjoint alternating cycles in a 2-edge-coloured graph G. If there exist indices
i ∈ [2k], j ∈ [2r] such that xi and yj are similar, then G contains an alternating
cycle C with V (C) = V (C1) ∪ V (C2).
Proof. Assume that xi and yj are similar. By reversing the ordering of one
of the cycles if necessary we can assume that φ(xixi+1) = φ(yjyj+1). Now
the fact that xi and yj are similar implies that the edges xi−1yj , yj−1xi exist
and φ(xi−1yj) = φ(yj−1xi). Hence C1[xi, xi−1]xi−1yjC2[yj , yj−1]yj−1xi is the
desired cycle.
The first lemma below, which holds for general 2-edge-coloured graphs, is
very simple and has been used in many papers.
Lemma 21. Let C1 = x1x2 . . . x2k−1x2kx1 and C2 = y1y2 . . . , y2r−1y2r be dis-
joint alternating cycles in a 2-edge-coloured graph G. If there exist indices
i ∈ [2k], j ∈ [2r] such that G contains both of the edges xiyj and xi+1yj+1
and φ(xiyj) = φ(xixi+1) = φ(xi+1yj+1) = φ(yjyj+1), then G contains an alter-
nating cycle C with V (C) = V (C1) ∪ V (C2).
Lemma 22. [11, Lemma 6] Let G be an M-closed 2-edge-coloured graph and
let C1 = x1x2 . . . x2k−1x2kx1 and C2 = y1y2 . . . , y2r−1y2r be disjoint alternating
cycles in G. Suppose that the edge xiyj exists in G and φ(xiyj) = φ(xixi+1) =
φ(yjyj+1) = c. Then either G contains an alternating cycle C with V (C) =
V (C1) ∪ V (C2) or the edge xi+1yj+1 exists and φ(xi+1yj+1) 6= c.
To see that Lemma 22 holds for extensions of M-closed 2-edge-coloured
graphs we first observe that, by Proposition 20, we can assume there is no
pair of similar vertices xa, yb. This implies that all the arguments in the proof
of the lemma in [11] that deal with possible edges between the two cycles carry
over to extended M-closed 2-edge-coloured graphs. There are only three places
where edges between non consecutive vertices of the same cycle are used in the
argument. In one case this is an edge of the kind xi−1xi+1 in another it is an
edge of the kind xi−2xi+1 and in the final case it is the edge xi+1xi+3. In all
three cases it is possible that the edge is not in G, because G is an extension
of an M-closed 2-edge-coloured multigraph, but then Proposition 20 and the
colours of edges already studied in the original proof in [11] easily leads to the
desired conclusion that the edge xi+1yj+1 is in G and either G has a cycle C
with V (C) = V (C1) ∪ V (C2) or we have φ(xi+1yj+1) 6= c.
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Lemma 23. [11, Corollary 7] Let G be an M-closed 2-edge-coloured graph and
let C1 and C2 be disjoint alternating cycles of G such that there is at least one
edge between C1 and C2. Then at least one of the following holds:
1. G contains an alternating cycle C with V (C) = V (C1) ∪ V (C2).
2. Every vertex of C1 is adjacent to every vertex of C2.
Besides applying Lemma 22 the proof of Lemma 23 in [11] uses only argu-
ments based on pairs of edges between the two cycles or an edge of one cycle
and an edge between the cycles, so by Proposition 20, the Lemma also holds for
extensions of M-closed 2-edge-coloured graphs.
The following lemma, which is implicitly stated and proved on pages 8-10 in
[11], is the key to the proof of Theorem 18. We state it for extended M-closed 2-
edge-coloured graphs as the statement is slighly different. The only difference is
that in (ii) and (iii) there may be pairs of similar vertices in {x1, x3, . . . , x2p−1}
and also in {x2, x4, . . . , x2p} so the subgraph G[{x1, x3, . . . , x2p−1}] as well as
the subgraph G[{x2, x4, . . . , x2p}] does not have to be complete as it is the case
for the corresponding Lemma for M-closed graphs. The proof of the lemma is
the same as for M-closed 2-edge-coloured graphs.
Lemma 24. Let C1, C2 be disjoint alternating cycles in an extended M-closed
2-edge-coloured graph G such that there is at least one edge between C1 and C2.
If D has no alternating cycle C with V (C) = V (C1)∪ V (C2), then every vertex
of C1 is adjacent to every vertex of C2 and for some i ∈ [2] the vertices of Ci
can be labelled such that Ci = x1x2 . . . x2px1 and the following holds.
i) all edges between {x1, x3, . . . , x2p−1} and V (C2) have the same colour c =
φ(x1x2) and all the edges between {x2, x4, . . . , x2p} and V (C2) have colour
c′ 6= c.
(ii) Every edge between two vertices x2i+1, x2j+1 has colour c.
(iii) Every edge between two vertices x2a, x2b has colour c
′.
We say that C1 c-dominates C2 and denote it by C1
c→C2.
It is easy to check that if C1
c→C2, then G[V (C1)∪V (C2)] is not trail-colour-
connected and hence also not colour-connected.
The proof of the non-trivial direction in Theorem 19 now proceeds as follows:
Consider a cycle factor C1, C2, . . . , Ck with the minimum number of cycles. If
k = 1 the proof is complete and otherwise, by considering only edges between
cycles, one obtains the contradiction that G is not colour-connected. This proof
carries over verbatim to the case of extended M-closed 2-edge-coloured graphs.
The proofs in [11] are algorithmic so, from the arguments above we get the
following.
Corollary 25. The exists a polynomial algorithm A which, given a graph G
which is an extension of an M-closed 2-edge-coloured graph such that G is colour-
connected and has a cycle factor, produces an alternating hamiltonian cycle of
G.
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6 Supereulerian extensions of M-closed 2-edge-
coloured graphs
Armed with Theorem 19 we are now ready to characterize supereulerian exten-
sions of M-closed 2-edge-coloured graphs. Note that, by the example in Figure
7, a supereulerian M-closed 2-edge-coloured graph does not have to be colour-
connected, but it must be trail-colour-connected. We first consider the case of
colour-connected graphs.
Lemma 26. Let G be an extension of an M-closed 2-edge coloured multigraph.
If G is colour-connected and has an eulerian factor, then G is supereulerian.
Proof. Let G be an extension of an M-closed 2-edge-coloured graph which is
colour-connected and let G = G1, G2, . . . , Gk, k ≥ 1 be an eulerian factor of G
which is chosen such that k is minimum. If k = 1 there is nothing to prove so
suppose k ≥ 2. Let Ti be a spanning closed trail in Gi for i ∈ [k]. Let h(v) be
the number of times the vertex v ∈ V occurs in the spanning closed trail Ti that
it belongs to. Since the Gi’s are disjoint and spanning, each v occurs in exactly
one Ti. Now consider the 2-edge-coloured graph H = G[Ih(v1), . . . , Ih(vn)] that
we obtain by replacing each vertex vi by an independent set of size h(vi). Then
H is an extension of G and as G is an extension of an M-closed 2-edge-coloured
graph so is H. Observe that for each i ∈ [k] the closed alternating trail Ti
corresponds to an alternating cycle Ci in H and vice versa (just replace each
occurrence of a vertex from Ihi(v) in the cycle by the vertex v). By Proposition 3,
H is colour-connected and since C1, C2, . . . , Ck form an alternating cycle factor
of H, it follows from Theorem 19 that H has an alternating hamiltonian cycle
C. By contracting each of the sets Ih(vi) into the vertex vi we convert C into
the desired spanning eulerian subgraph of G.
Lemma 27. Let G be an extension of an M-closed 2-edge-coloured graph and
let G1, G2 be an eulerian factor of G. If G is connected, then G is supereulerian
unless the following holds for some i ∈ [2], every spanning closed alternating
trail Ti of Gi and every closed alternating trail T3−i of G3−i:
(1) Every vertex of Ti is adjacent to every vertex of T3−i.
(2) the vertices on Ti alternate between having only edges of colour c to V (T3−i)
(we call them c-vertices) and having only edges of colour c′ to V (T3−i)
(we call them c′-vertices). In particular Ti contains no closed subtrail of
odd length.
(3) There is no edge of colour c′ between two c-vertices of Ti and no edge of
colour c between two c′-vertices of Ti.
In particular, if (1)-(3) hold, then G is not trail-colour-connected.
Proof. Let Ti be a spanning closed alternating trail in Gi, i ∈ [2]. Let H be
the extension of G that we obtain by the procedure used in the proof of Lemma
26 and let C1, C2 be the alternating cycles in H that correspond to T1 and T2,
respectively. If H is colour-connected, then it follows from Theorem 19 that H
has an alternating hamiltonian cycle C, implying, as in the proof above, that G
is supereulerian. Thus we may assume that H and hence also G is not colour-
connected. Now it follows from the discussion of the proof of Theorem 19 that
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we have Ci
c→C3−i, where c is one of the two colours used to colour G. This
implies that back in G (1), (2) and (3) hold for Ti and T3−i. The last claim
follows from Proposition 10 and the fact that H is not trail-colour-connected
(see the remark just after Lemma 24).
Now we are ready to give a full characterization of those extensions of
M-closed 2-edge-coloured graphs which are supereulerian. Recall that trail-
colour-connected and colour-connected is not the same thing for M-closed 2-
edge-coloured graphs.
Theorem 28. Let G be an extension of an M-closed 2-edge-coloured graph.
Then G is supereulerian if and only if it is trail-colour-connected and has an
eulerian factor.
Proof. If G is supereulerian, then it is trail-connected and contains an eulerian
factor, so it suffices to consider the other direction. Assume that G is trail-
colour-connected with an eulerian factor and let G = G1, G2, . . . , Gk, k ≥ 1 be
an eulerian factor of G which is chosen such that k is minimum. If k = 1 we are
done so assume that k ≥ 2. Let T1, . . . , Tr be arbitrary spanning closed trails
in G1, G2, . . . , Gk, respectively and fix a starting vertex vi,1 for each trail Ti,
i ∈ [k]. We will use the notation Ti c→Tj to denote that (1),(2) and (3) in Lemma
27 hold for distinct i, j ∈ [k], where Ti plays the role of T1 in the Lemma and
all edges between vi,1 and V (Tj) have colour c. We also write Ti → Tj if Ti a→Tj
for some a ∈ {c, c′}, where the edges of G are coloured by colours c, c′.
By the minimality of k and Lemma 27, if there is an edge between Gi and
Gj , then we have Ti → Tj or Tj → Ti. In particular there are no two similar
vertices u, v which belong to different Gi’s (since this would imply that that
u and v would both have edges of both colours to the other trail). Thus,
using that G is connected and an extension of an M-closed 2-edge-coloured
graph, it is easy to see that there is an edge between V (Ti) and V (Tj) for every
choice of 1 ≤ i < j ≤ k. Hence, by the remark above, we have Ti → Tj or
Tj → Ti for every choice of 1 ≤ i < j ≤ k. Let W be the tournament with
vertex set w1, w2, . . . , wk such that wiwj is an arc of W if Ti → Tj . Suppose
first that W contains a cycle. Then it follows from the well known result by
Moon [20] that a strong tournament is vertex pancyclic, that W has a 3-cycle
wa → wb → wc → wa and hence we have Ta → Tb → Tc → Ta. In this case we
can replace Ta, Tb, Tc by one closed trail as indicated in Figure 8.
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TcTa
Tbvb,1 v−b,1
va,1
v−a,1 vc,1
v−c,1
Figure 8: An illustration of the case when we have Ta → Tb → Tc → Ta. The
colours of the vertices denote the colour of all edges from that vertex to the
vertices of the trail which it is monochromatic to (E.g. every edge between a
blue vertex of Ta and V (Tb) is blue). The oriented fat edges between the trails
indicate a 6-cycle that can be used to merge the three closed trails into one.
We obtain the desired trail by starting at va,1, traversing Ta, then going from
va,1 to vb,1, traversing Tb, then going from vb,1 to vc,1, traversing Tc and finally
using the arcs vc,1v
−
a,1, v
−
a,1v
−
b,1, v
−
b,1v
−
c,1, v
−
c,1va,1.
Hence we may assume that W is an acyclic (transitive) tournament and
that the ordering of G is such that Ti → Tj whenever 1 ≤ i < j ≤ k. As G is
trail-connected, we must have k > 2 by Lemma 27. Let v be a c-vertex of T1
with respect to T2. Recall that this means that all edges between v and V (T2)
have colour c. If v is a c-vertex with respect to V (Ti) for every 1 < i ≤ k,
then G is not trail-colour-connected as the vertex v has no trail starting with
colour c′ to any vertex out-side V (T1). Hence we may assume w.l.o.g. that v is
a c′-vertex with respect to V (T3). Now we can merge T1, T2, T3 into one closed
alternating trail as indicated in Figure 9. This contradicts the minimality of k
and the proof is complete.
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v1,1
T2T3
T1
Figure 9: Showing how to merge the trails T1, T2, T3 into one trail. Starting
from v1,1 first pick up all vertices of V (T2) and return to v1,1; then pick up all
vertices of V (T3) and return to v1,1; finally traverse T1 starting from v1,1.
All arguments in the proofs above are algorithmic so combining this with
Lemma 15 we get the following.
Corollary 29. There exists a polynomial algorithm B which given a graph G
which is an extension of an M-closed 2-edge-coloured multigraph, either returns a
spanning closed alternating trail of G or provides a certificate that G has no such
trail, because it either has no eulerian factor or is not trail-colour-connected.
By Lemma 11, trail-colour-connectivity coincides with colour-connectivity
for extended 2-edge-coloured complete graphs. Hence we get the following char-
acterization of supereulerian extensions of 2-edge-coloured complete graphs
Corollary 30. An extended 2-edge-coloured complete graph is supereulerian if
and only if it has an eulerian factor and is colour-connected.
7 Complexity for general 2-edge-coloured graphs
Theorem 31. It is NP-complete to decide if a 2-edge-coloured graph is supereu-
lerian.
Proof. We show how to reduce the problem of deciding if a 2-edge-coloured
graph has an alternating hamiltonian cycle to the problem of deciding if a 2-
edge-coloured graph is supereulerian. Let G be a 2-edge-coloured graph. We
create the graph G′ as follows:
• for every vertex v ∈ V (G), add vertices vr and vb.
• replace every red edge uv by urvr and every blue edge uv by ubvb.
• for every vertex v ∈ V (G), add a blue edge vrv and a red edge vvb.
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The construction of G′ is illustrated in Figure 10. Since the vertices vr only
have one incident blue edge, they can only be used once in an eulerian subgraph.
Hence, when a spanning closed alternating trail reaches a vertex vr, it has to go
to v and then vb and cannot go back to any of this vertices again. This implies
that if a spanning eulerian subgraph of G′ exists, it immediately provides a
hamiltonian cycle in G.
Conversely, if a hamiltonian cycle exists in G, we replace every vertex v by
vrvvb if v is reached with a red edge and by vbvvr otherwise and we obtain a
spanning eulerian subgraph of G′.
u
z y
x
v w
(a) A non-hamiltonian graph G.
vb
wb zr
yr
ub xr
v
w z
y
u x
vr
wr zb
yb
ur xb
(b) The associated graph G′ has no span-
ning eulerian subgraph.
Figure 10
The construction that we used above may not lead to a 2-edge-coloured
graph with an eulerian factor, but we can modify it by replacing every vertex v
by the gadget gv depicted in Figure 11. We still replace every red edge uv by
urvr and blue edge uv by ubvb. As previously, the vertices vr and vb can only be
used once in a spanning eulerian subgraph because they have only one incident
blue and red edge respectively. We find that the spanning eulerian subgraphs
of G′ are exactly the hamiltonian cycles of G where we replace vertices v by
vbv1v2v3v4v1vr or vrv1v4v3v2v1vb. Note that the union for v ∈ V (G) of the
vbv1vrv4v3v2vb provide an eulerian factor in G
′.
v3
v2 v4
vb v1 vr
Figure 11: The gadget gv.
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8 Further generalizations of 2-edge-coloured com-
plete graphs
Complete bipartite graphs are a subclass of the class of complete multipartite
graphs. As we saw in the end of Section 4, for 2-edge-coloured complete bipartite
graphs we can rely on results on supereulerian bipartite tournaments to classify
supereulerian 2-edge-coloured complete bipartite graphs. For general 2-edge-
coloured complete multipartite graphs, we have no correspondence similar to
the BB-correspondence.
Problem 32. What is the completely of deciding whether a 2-edge-coloured
complete multipartite graph has an alternating hamiltonian cycle? Is there a
good characterization?
The following is an easy consequence of Lemma 11.
Proposition 33. If a 2-edge-coloured complete multipartite graph G has a span-
ning closed alternating trail, then G is colour-connected.
Proposition 34. There exists infinitely many non-supereulerian 2-edge-coloured
complete multipartite graphs which are colour-connected and have an alternating
cycle factor.
z1
z2
B
X
Y
x1 x2 xr· · ·
y1 y2 yr· · ·
Figure 12: An infinite family G of 2-edge-coloured complete 3-partite graphs
which are colour-connected and have an alternating cycle factor but are not
supereulerian. The 3 partite sets are indicated in colours grey, orange and green.
The left part is a 2-edge-coloured complete bipartite graph with an alternating
hamiltonian cycle indicated. The grey vertices belong to the same colour class
as the vertices in Y . Every vertex in X is connected by blue edges to all vertices
of B and every vertex in Y is connected by red edges to the green vertices in
B. The two special vertices z1, z2 are joined by a blue edge and all other edges
incident to z1 (z2) in B are blue (red). The complete bipartite subgraph induced
by X ∪Y has an alternating hamiltonian cycle x1y1x2y2 . . . xryrx1 and all other
edges can be coloured arbitrarily red or blue. Se Figure 13 below for a specific
example of a graph in G.
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z1
z2
z3
z4
x1
y1
x2
y2
Figure 13
Proof. Let G be a 2-edge-coloured complete 3-partite graph from the infinite
family described in Figure 12. Every alternating spanning eulerian subgraph,
H, must use the edge z1z2 as it is the only red edge incident with z1. As there
is only one blue edge incident with z2, the edge z1z2 is the only red incident
with z2 in H. Let uv be any edge in H from u ∈ V (G) \ (X ∪ Y ) to v ∈ X ∪ Y .
Either uv is blue and v ∈ X or uv is red and v ∈ Y (by the above). Without
loss of generality assume that uv is blue and v ∈ X. It is not difficult to see
that the successor of v in H lies in Y and the successor of this vertex is back in
X, etc. As we cannot return to V (G) \ (X ∪ Y ), we obtain a contradiction.
Despite the existence of the class G we still believe that one can recognize
supereulerian 2-edge-coloured complete multipartite graphs in polynomial time.
Conjecture 35. There exists a polynomial algorithm for deciding whether a
2-edge-coloured complete multipartite graph is supereulerian.
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